An important goal of self-assembly is to achieve a preprogrammed structure with high fidelity. Here, we control the valence of DNA-functionalized emulsions to make linear and branched model polymers, or 'colloidomers'. The distribution of cluster sizes is consistent with a polymerization process in which the droplets achieve their prescribed valence. Conformational dynamics reveals that the chains are freely-jointed, such that the end-to-end length scales with the number of bonds N as N ν , where ν ≈ 3/4, in agreement with the Flory theory in 2D. The chain diffusion coefficient D approximately scales as D ∝ N −ν , as predicted by the Zimm model. Unlike molecular polymers, colloidomers can be repeatedly assembled and disassembled under temperature cycling, allowing for reconfigurable, responsive matter.
Experimental models of molecular polymers on the colloidal [1] [2] [3] [4] [5] [6] [7] or granular length scales [8] [9] [10] [11] [12] [13] [14] have been proposed in the literature. These studies have demonstrated how particle specificity, shape anisotropy, or nonequilibrium interactions can lead to the formation of chains. Assembly occurs either through thermal agitation, or the particles are aligned by external drives, such as gravity, capillarity, shaking, or magnetic and electric fields [10, 15] . Despite these innovative proofs-of-concept, it remains an experimental challenge to design particles that self-assemble into flexible chains in bulk, leading to analogues of polymer solutions on different length scales.
Here we demonstrate a promising avenue for selfassembly, in which thermal activation leads to the polymerization of DNA-coated droplet monomers into chains, i.e. 'colloidomerization'. The process of chain growth follows random aggregation, such that the average weight of the colloidomers and its statistical distribution can be predicted theoretically. These colloidal polymers allow for the visualization of micron-sized monomers, a length scale that is inaccessible in molecular systems. Having access to the conformational dynamics of a large pool of chains allows us to study their statistical physics.
While polymer theories have been validated at the single-molecule level using DNA imaging and force spectroscopy [16] [17] [18] , our experimental model system examines whether these theories hold on colloidal length scales. The most important advantage of using droplets instead of solid particles as the monomer units is that the DNA bonds between them are fully mobile along the droplet surface. The particles can therefore rearrange after binding and dynamically explore their equilibrium structures on a timescale fixed by the droplet diffusion constant. Therefore, these colloidomers behave like freely-jointed polymers. By contrast, solid colloidal polymers have limited flexibility [4, 5, 15, 19] , while membrane-coated colloids can have preferred bond angles, restricting their relative motion [20] .
We find excellent agreement between the data and the scaling exponents predicted by the Flory theory of 2D freely-jointed chains with excluded volume, down to a chain size of only a handful of droplets. The self-diffusion coefficient of the colloidomers follows the Zimm scaling with length, highlighting the importance of hydrodynamic interactions.
One important difference between colloidomers and molecular polymers is that their particulate nature allows us to control monomer interactions to trigger chain assembly, disassembly, and reconfiguration. For example, here we show that cycling temperature to melt and reassemble the DNA bonds between the droplets can produce statistically similar distributions of chains. Previously, we have shown that the linear sequence of droplets with different DNA flavors can be programmed via DNA toe-hold displacement reactions [2] . In the future, these chains will serve as backbones for colloidal folding into complex 3D structures via secondary interactions, as proposed in [9, 21] .
To achieve a good yield and high fidelity of chains, we synthesize thermal droplets with a uniform coverage of sticky DNA, ensuring both fast dynamics and valence control. We make monodisperse PDMS droplets using a method adapted from [22] and outlined in detail in [2] . After we synthesize the droplets, we incubate them with a variable amount of binding DNA. As shown in Fig.1(a) , the DNA binders are comprised of a pseudo-random spacer of 50 bases, followed by a binding sequence of 20 bases, with one complementary strand labeled with a Cy3 and the other with a Cy5 fluorophore (see [23] for DNA sequences). This molecule is then reacted with a lipid (DSPE-PEG2000-DBCO, Avanti) through a copper-free click reaction. The hydrophobic part of the lipid anchors the DNA strands to the surface of the droplet. We react an additional strand, complementary to the random spacer prior to the sticky end, with another lipid molecule. This DNA-lipid complex hybridizes with that of the spacer of the binding DNA strand, anchoring the entire complex via two lipid molecules instead of one. This prevents the migration of DNA from droplet to droplet. The droplet buoyancy pins them close to the glass surface of the sample cell, confining the dynamics to two dimensions.
A droplet functionalized with single-stranded DNA binds to a complementary strand on another droplet [1, [24] [25] [26] through DNA hybridization of the single-stranded (sticky) ends, as shown in Fig.1(b) . The choice of two distinctly functionalized droplets to make a heterocopoly- mer (instead of a homopolymer) plays also a crucial role in decreasing, if not suppressing, aggregates with minimal closed loops. The adhesion patch has a much higher density of DNA than on the perimeter of the droplet, as shown by the co-localized fluorescent signal in the vicinity of droplet contacts in Fig. 1(c) . Since the density of DNA that can be recruited into a single patch is limited by geometry, any remaining DNA on the surface of the droplet can form a second patch with another droplet. Starting with a 1:1 mixture of complementary droplets at an area fraction ≈ 0.2, we observe that the reaction rate of droplet-droplet binding increases linearly with the bulk DNA concentration up to C DN A = 2 pmol, above which the rate plateaus [23] , as expected. Therefore, the assembly process reaches a steady state after a week for low C DN A down to a day for high C DN A .
Empirically, at steady state we observe an increase in droplet valence as a function of C DN A , from dimers in Fig. 2(a,d) , through chains in (b,e), to cross-linked networks in (c,f), resembling fibrous gels [27] . For a given C DN A , we track the droplets in 2D over time [28] to determine the evolution of the droplet bond network. We consider two droplets bound only if their bond persists over one minute, consistent with the fact that DNA bonds are practically irreversible at room temperature.
Figure 2(g) shows the fraction of droplets with a given bond number B n at steady state, as a function of C DN A . The spread in B n at a given C DN A may arise from nonuniform DNA coverage between droplets, any residual polydispersity, or kinetic or steric bottlenecks that prevent the droplets from reaching their prescribed valence. The inset in Fig.2(d) shows that the average B n increases smoothly with concentration, while the mode (the most probable B n value) exhibits a stepwise increase, allowing us to tune the self-assembly.
Optimizing for valence two at C DN A = 0.2 pmol, the droplets assemble into linear or branched polymers in 63% of structures, while 28% of droplets remain unreacted monomers, and 9% constitute aggregates with higher valencies. The distribution of cluster sizes is shown by the distributions in Fig. 3 (a) for the subset of clusters that are in linear chains and in Fig. 3 (b) for all structures. We compare these observed distributions to both a random branching model and to Monte Carlo simulations, assuming in both cases the experimentally measured valence distribution as an input. The random branching model [23, 29] computes the size distribution of colloidomers assuming that they do not form loops, that monomers attach independently, and that each colloidomer is saturated, with no unused bonds [23] . Monte Carlo simulations mimic the experiment following the procedure outlined in [23] . The close agreement between the experimental results, the random branching model, and the Monte Carlo simulations, implies that the self-assembly is a random process, which goes to completion with minimal steric or kinetic inhibition. Even though the bonds are irreversible at room temperature, the subset of linear chains and cluster sizes is reproduced with the simple assumption of the same input valence. This result lends support to the hypothesis that each droplet has a valence prescribed only by the concentration of DNA molecules on its surface. Fluctuations in the amount of DNA arise from the stochastic process associated with loading the DNA on the droplets. While the data and the simulations are fully consistent with an exponential distribution, the branching model predicts a deviation for short chains. The characteristic length scale is an increasing function of C DN A , offering the possibility to generate long chains and test the scaling relations of flexible polymers.
In contrast to molecular polymers, colloidomers can be disassembled upon heating above the DNA melting temperature and reassembled into statistically similar chains upon cooling, as shown by the reversible valence distribution in Fig.4 . The exponential decay in the fraction of monomers (black line) in response to the cooling temperature ramp reveals a rate of droplet binding of 1/7 min, such that the B N distribution reaches a steady state after only 20 minutes. The fast reassembly is due to the presence of pluronic surfactant (F68) in the system. At high temperatures, the surfactant causes a weak depletion between droplets, increasing the assembly rate far beyond that observed at room temperature [23] . This evidence of reversibility in the droplet valence is in agreement with the numerical prediction that aggregation (aging) dynamics is similar to that occurring in equilibrium for systems with a low valence [30, 31] . The possibility to manipulate droplet-droplet bonds by temperature or using specific DNA reactions [32] presents a useful tool to configure colloidomer solutions in situ.
Next, we investigate the conformational statistics of trimers in 2D to test whether the droplet-droplet bonds are freely-jointed. The bond angle subtended by the centers of the two end-cap droplets on the center of the middle droplet is shown in the inset in Fig. 5(b) . Apart from the angle π 3 excluded on both sides of the center droplet, the histogram in the Fig 5(a) shows that droplets explore bond angles with a flat probability. To characterize the angular displacement ∆θ(t), we fit − ln cos ∆θ(t) , which grows as D rot t with time, where D rot is the rotational diffusion coefficient (see [23] ). This expression accounts for the bounded nature of the angles. This generalized law for angular diffusion reduces to the law for translational diffusion, ∆θ 2 2D rot t, for small ∆θ. in space is dominated by the diffusion of the droplet in the fluid, rather than the DNA patch sliding around on the droplet surface. The uniform distribution in Fig. 5 (a) also implies that the Kuhn length b of our polymers is the distance between two bound droplets, i.e. the diameter.
Considering only linear colloidomers from all C DN A conditions, we characterize the structure of ≈ 28000 chains of lengths ranging from dimers to twentymers. Figures 6(a,b) show the sublinear growth of the rootmean-square end-to-end distance, R e = R 2 , and the radius of gyration, R g , where
as a function of the number of bonds N and the number of droplets N + 1 in a colloidomer, respectively. Each point is an ensemble average (in time and space) over thousands of polymers, ensuring ergodic sampling of the configurational space. The error bar increases with chain length because there are fewer long chains.
We find that both size parameters scale in good agreement with the Flory theory of a self-avoiding polymer, which happens to be exact in 2D, as R e = bN ν and R g = αbN ν , where α is a unitless constant, b corresponds to the Kuhn length, and ν = 3/4. Specifically, fits to the data yield b = 1.0 ± 0.03 diameter, α = 0.3 ± 0.02, and exponents ν = 0.72 ± 0.03 and 0.79 ± 0.02 for R e and R g , respectively. It is surprising that short chains already obey the scaling law which is supposed to apply in the asymptotic N → ∞ limit only. One explanation is that the Ginzburg parameter is at its upper limit [34] . The Ginzburg parameter for a polymer chain in d dimensions is given by the ratio v/b d , where v is the excluded volume of a monomer and b is the segment length [35] . In our case, the segment length is very nearly equal to the diameter of the excluded area. Accordingly, unlike regular polymers and particularly semi-flexible ones (e.g. dsDNA), our colloidomers exhibit no regime of polymer chain length with marginal self-avoidance. Therefore, the large N scaling is visible beginning with the shortest of chains and agrees with scaling laws in molecular polymers, including DNA [18] in the large N limit.
Next, we measure the dynamics of the colloidomer through the diffusion of its center of mass. Our system consists of micron-sized droplets rearranging in a fluid, which implies hydrodynamic correlations between the monomers. The diffusion of a coil is described by the Zimm theory, which predicts that the diffusion coefficient scales as D ∝ (N + 1) −ν . Since the chain does not move as a ball, but rather as a pancake in 2D, the exponent is predicted to be ν = 3/4, just like in the cases of R e and R g , as long as the surrounding fluid is in 3D. Our data in Fig. 6 (c) is best fit with ν = 0.71 ± 0.11.
In conclusion, this work shows that the mobility of DNA on the droplet surface allows for the self-assembly of colloidal, fully flexible polymers. The DNA-binder concentration controls the droplet valence, such that we obtain colloidomers with chain lengths whose distribution agrees with random attachment. Their bulk synthesis allows us to demonstrate that they are freely-jointed, and that their size and diffusion coefficient scale with the chain length in agreement with a self-avoiding polymer.
In the future, colloidomers will serve to build both jammed [36] and complex ordered phases, such as closepacked spirals, predicted by numerical simulations [37] . Even further, these colloidomers open the platform for the self-assembly of complex three dimensional materials or soft structures via a biomimetic folding approach [38] . The higher valence emulsions assemble into fibrous colloidal gels, mimicking the structure of cytoskeletal actin or microtubule networks. Just as their structure is continuously reconfigured by the cell, the reversible nature of the droplet-droplet bond paves the path towards responsive soft matter.
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I. EXPERIMENTAL METHODS
We synthesized monodisperse PDMS droplets via a method adapted from ref [1] . Briefly, DMDES monomer, ranging from 1% v/v to 20% v/v, was dissolved in deionized water via vortexing. The droplet size was tuned via the amount of monomer added. Once the solution was clear, and the monomer fully dissolved, enough ammonia was added to bring the v/v% of ammonia to 20%. The solution immediately turned cloudy, and sodium dodecyl sulfate (SDS) was added to bring the concentration to 1 mM. This stabilized the droplets during growth, decreasing polydispersity. The sample was then left on a rotator for 24 hours, and then dialyzed against 1 mM SDS to remove any unreacted monomer, ammonia, and ethanol from solution. Droplets were then stored in 10 mM SDS until ready for use. After the droplets were synthesized, they were incubated with a variable amount of binding DNA which had already been attached to a distearoyl-sn-glycero-3-phosphoethanolamine-N-[dibenzocyclooctyl(polyethylene glycol)-2000] (DSPE-PEG2000-DBCO, Avanti) molecule. The hydrophobic part of the lipid anchored the DNA on the surface of the droplet. To give the DNA extra stability, and ensuring that it would not migrate during washing or incubation with droplets of other flavors of DNA, we anchored both the DNA strand containing the 20 mer sticky end, as well as a strand that was complementary to the 50 base pseodo random spacer prior to the sticky end. We used the following DNA strands as our binding pair: 5 -Azide-Cy3-A GCA TTA CTT TCC GTC CCG AGA GAC CTA ACT GAC ACG CTT CCC ATC GCT A GA GTT CAC AAG AGT TCA CAA-3 and 5 -Azide-Cy5-A GCA TTA CTT TCC GTC CCG AGA GAC CTA ACT GAC ACG CTT CCC ATC GCT ATT GTG AAC TCT TGT GAA CTC-3 . The five prime end of each strand was terminated with an azide group, and each strand was labeled with a Cy3 or Cy5 fluorophore, respectively. The last 20 bases on each strand constituted our binding sequence, while the first 50 bases formed our spacer. This spacer was complexed with the following complementary strand: 5 -TAG CGA TGG GAA GCG TGT CAG TTA GGT CTC TCG GGA CGG AAA GTA ATG CT-Azide-3 . Both binding sequences and complementary spacer strand were reacted with 1,2-distearoyl-sn-glycero-3-phosphoethanolamine-N-[dibenzocyclooctyl(polyethylene glycol)-2000] (DSPE-PEG2000-DBCO, Avanti) through a copper free click reaction. The DSPE anchored the DNA strands to the surface of the droplet. We washed our samples in 50 mM NaCl with 10 mM Tris pH 8 and 1 mM EDTA. Our assembly buffer was 20 mM MgCl 2 with 5 mM Tris pH8, and 0.1% F68 pluronic surfactant. We tracked our droplets using the MATLAB implementation of the Crocker Grier tracking algorithm [2] . Adhesion patches were not always visible between two bound droplets during movie acquisition because of the short exposure time. In order to determine if two droplets were bound, therefore, we tracked them over time. If two droplets remained connected over a given time period (typically one minute), we consider them bound. Fluorescence images in Fig.(2) in the main text were taken with droplets prepped in a different fashion. Instead of connecting the DNA through a copper-free click reaction to the DSPE lipids, we connected the DNA to the DSPE lipids via a biotin-streptavidin sandwich as described in refs. [3, 4] . This method allowed for detailed fluorescence imaging, but lead to many experimental issues including difficulties with temperature reversability and nonspecific binding especially at long observation times.
Temperature cycling was done on a custom built heat stage over a long working distance air objective. While the amount of F68 surfactant we used was well below the CMC at room temperature, the CMC of F68 decreases as the temperature increases. The faster aggregation kinetics at high temperatures shown in the main text is due to an additional depletion effect from the F68 surfactant that only occurs above T ≈ 45
• degrees C.
II. RANDOM BRANCHING MODEL
We model the size distribution of clusters assuming that (a) monomers attach independently of each other and uniformly on the set of available bonding sites, (b) clusters grow in a bath of monomers with constant valency distribution; (c) each cluster is saturated, i.e. there are no more open bond sites to which a monomer can attach, and (d) the clusters cannot form loops, only linear or branch-like structures.
The model's input is the distribution of valencies. Let p i be the probability that a randomly-chosen monomer has valence i. For example, if the possible monomer valencies are 1, 2, or 3, then the valence distribution is characterized by parameters (p 1 , p 2 , p 3 ) with p 1 + p 2 + p 3 = 1.
Consider a growing cluster and label the particles in the order they attach to the cluster. Each particle that attaches changes the total valence (number of open bond-ing sites) of the cluster: if a particle with valence ν attaches, the change in the total valence is ν − 1. Let X i be the net change in valence of the cluster after the ith particle attaches; it has probability distribution P (X i = k − 1) = p k . Let V i be the total valence of a cluster of size i, which for i ≥ 2 is given by
By the assumption that particles attach independently of each other and of their history, V 1 , V 2 , . . . forms a timehomogeneous Markov chain, with transition probabilities
Let L be the length of a saturated cluster. We wish to compute its probability distribution, P (L = n), n = 2, 3, . . . (ignoring the monomers remaining in the solution.)
Notice that a cluster is saturated when its valence hits 0. The length of such a cluster is the first value of i for which V i = 0. Solving for this distribution is a firstpassage-time problem and may be done using using standard methods for time-homogeneous Markov chains [5] . Let
be the probability the length is n, given the first particle has valence i. Then L n,i solves a linear, recursive equation
The initial and boundary conditions are
Given L n−1,· for some n, we can use (3) to solve for the values of L n,· , and then compute the length distribution by averaging over the initial conditions with the correct probabilities:
While this computation can in principle be done analytically, for example using a symbolic software package, the formulas it gives are complicated and unhelpful so we generally solved the model numerically up to a desired value of n. The exception is when particles have maximum valence 2, in which case one can easily obtain the analytic formula P (L = n) = (n − 1)p order: B-C, D-A, C-E, D-E. Then we would assign labels B=1,C=2,E=3,D=4,A=5.
We remark that our model is closely related to the branching processes studied in mathematical probability theory [5] . One can show that the generating function H(s) for the total cluster size must satisfy the equation
where G(s) is the generating function for X i . One can solve for H(s) analytically provided the maximum valence is 3 or less. However, obtaining the distribution of lengths (P (L = n)) ∞ n=2 from the generating function appears just as complicated as solving the recursive equation (3).
III. ANGULAR DIFFUSION
Angular diffusion in 2D is described by
subject to boundary condition P (−π) = P (π). The formal solution reads
which then implies
or D rot = − ln cos θ /t.
IV. MONTE CARLO SIMULATION
We perform Monte Carlo (MC) simulations of a mixture of particles with prescribed valence, with the same distribution of patches and the same surface coverage as the one experimentally measured. We model the patchy particles as hard disks of diameter σ decorated with n patches. Patches are located on the surface of the particle in the most symmetric geometry (2π/n, with n=1,...5). As in the experiments, for each n, half of the particles are considered of type A and half of type B. Pairs of particles of different types (A and B) interact via the well known Kern-Frenkel [6] potential in two dimensions, e.g. an angularly modulated square well of depth and angular width ±25 deg. The MC move is composed by a random translation by 0.15σ and a random rotation of 0.3 radiants. For each of the investigated concentrations of DN A we perform both simulations in thermodynamic equilibrium down to k B T / = 0.05 as well as in irreversible conditions, by performing a T jump down to k B T / = 0.001, starting from a configuration of notbonded particles. In the latter case, no bond-breaking events are observed in the course of the simulation. We simulate a system of 2000 particles and average the results over 200 different realizations. In both simulation methods (equilibrium and irreversible aggregation) in the final configuration more than 99% of all possible bonds are formed. The two methods generate very similar cluster size distributions in the final state, with only slightly larger clusters in the equilibrium simulations. The resulting irreversible cluster size distributions are compared with the experimental ones in Fig. 3 of the manuscript.
V. POLYMER DIFFUSION
The self diffusion of each polymer is measured by first determining the center of mass position of each polymer over time. We then measure the mean squared displacements (MSDs) of the center of mass position as a function of the time lag δt. Polymers with any monomers non-specifically stuck to the glass are excluded. To measure D for a given polymer, we fit a line to points on the MSD vs δt between 0.5 seconds and 3 minutes.
FIG. S1. Mean squared displacements as a function of δt for colloidal polymers of different lengths. N is the number of bonds. The MSD shown is compiled from all observed polymers of each respective length, filtering out polymers that stuck. Figure S2 (a) shows the average bond number of a sample of droplets for C DN A = 0.1, 0.2, 0.3, and 0.4 pmol DNA loading as a function of incubation time. The bond number increases sharply after the first 24 hours and then is approximately stable, with some slow growth in the 0.2 pmol condition. Figure S2 (b) shows the approximate rate at which bonds are added per hour, over a 24 hour period. The rate is highly dependent on DNA loading until approximately C DN A = 1.75 pmol, at which point it stabilizes likely because bond number is limited in those conditions by sterics and not the availability of DNA. 
VI. ASSEMBLY RATES

VII. SUPPLEMENTAL MOVIE DESCRIPTIONS
The Supplemental Movie 1 shows a freely jointed colloidomer twenty monomers long diffusing. This movie is speed up by a factor of five. Supplemental Movie 2 shows a freely jointed colloidomer of three monomers as well as overlayed schematic demonstrating the angle subtended by the two end caps of the trimer. This movie is shown in real time.
